1 A short view on the math and algorithmic steps for
error back propagation on a MLP

Artificial Neural Networks [ANNs] can be trained for classification tasks. An analysis of simple
Multi-Layer-Perceptrons [MLPs] shows:

Optimizing the MLP’s weights by training can be done iteratively for a whole set of training
data. The expected correct classification results for all training samples have to be known in
advance.

During each iteration one first has to determine the deviations of the forward propagation re-
sults for the training data from the known correct results the MLP should produce. Then one has
to perform a kind of backward directed propagation of error-related terms throughout the grid.
The back-propagation gives you correction values for the weights at all nodes.

This method is called “Error Back-Propagation” [EBP]. It is a core ingredient of the so called
“gradient descent” method applied to suitably defined cost functions for the MLP. The hope is that
the named iterations sooner or later converge and that the step-wise applied corrections produce
reasonable weight-values in the end.

The questions we are going to answer in this paper are:

*  Why and in which form does the optimization of MLP-weights require EBP?

* What kind of matrix operations can we use to create an efficient EBP-algorithm?

1.1 Motivation for this paper

Beginners in Machine Learning [ML] — as myself — quickly grasp the idea how a MLP processes
data. The mechanisms of the so called “forward propagation” through a network of multiple layers
with nodes and the role of weights in this process are fairly easy to comprehend. We also un-
derstand that we somehow have to tune the parameters of the network, i.e. its weights, to get
reasonable output or prediction values from the network.

Most introductory books on ML discuss the following standard method for weight optimization:

Define a reasonable convex cost function depending indirectly on all weights and use the
“gradient descent” method to find a global minimum of the cost function.

Later on in the study books we learn that gradient descent mathematically induces EBP in a special
form - somehow. However, the details of this “somehow” often remain in the dark.

1.1.1 Cost functions and gradient descent

In the case of ANNs a virtual “cost function” weighs the deviations of the ANN’s output from ex-
pected results after the propagation of training data. A properly defined cost function gives you
scalar values. It thus defines a hyperplane in a multidimensional configuration space, whose (nu-
merous) dimensions are defined by the weights; there is one axis per weight and one for the cost
values.
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The extrema of the cost-function’s hyperplane can be investigated by step-wise exploring paths
along the multidimensional surface. The direction to take at a specific surface point is indicated by
the direction of the local gradient.

The idea is based on the fact that the gradient on a multidimensional surface points into the di-
rection of biggest local value change; the gradient has a direction perpendicular to local contour
lines. Thus the name “gradient descent” as we are told to stepwise follow the gradient until we
reach a (hopefully global) minimum of the surface.

Many books offer you nice pictures illustrating the principles of the gradient descent method, which
we all understand intuitively. But then comes a major and laborious obstacle:

“Gradient descent” requires the calculation of gradients, i.e. partial derivatives. Here: Partial deriva-
tives of the cost function with respect to all weights at all nodes on all MLP-layers. When you start
doing the math for weights on some inner MLP-layers you soon find out that this is tedious work.
And the results depend of course on details of the cost function and the activation function. The
calculation is so laborious that we tend to just accept the end result, which tells us: perform EBP
and leave the details to some clever ML-framework.

In this paper we shall not give up so fast: We shall discuss the mathematical origin of EBP step by
step for a sufficiently general and complicated MLP-example. As said, the discussion is intended
for beginners in Machine Learning and Artificial Neural Networks [ANNs] — as myself — who
want to understand some of the basic math behind modern framework based ANN/MLP-codes.

In particular, we shall look at operations to deal with multiple training samples in parallel.

1.1.2 Why could a deeper understanding be useful?

Many introductory books on machine learning [ML] present the algorithmic results of the mathe-
matical analysis behind EBP, but explain the math itself only briefly — if at all. Examples are the
book of Rashka [1] and the book of A. Géron [2].

On the other hand side some elementary books as of T. Rashid [3] or M. Taylor [4] are focused on
too specialized error functions with a simple quadratic form, or present a very specific discussion
for a net with only one hidden layer.

Quite often also only one training sample is discussed, but not a whole set of samples, i.e. a so
called (mini-) batch of samples. Such batches are typically handled in parallel by efficient code
versions for MLPs. However, you learn in the books named above that dealing with “mini-batches”
of multiple training data samples combines computational performance with some positive theo-
retical founded aspects during gradient descent. So dealing with the partial derivatives for many
training samples is of major importance.

The relatively new book of M. Deru and A. Ndiaye [5] on “Deep Learning” stresses a purely algo-
rithmic approach to all these questions in introductory chapters, because the authors feel it to be
easier for SW-developers to access the topics in code or pseudo code language. Therefore, some
results are directly presented in the form of Python code with matrix related functions of the Numpy
library. Deeper theoretical or mathematical considerations are intentionally omitted. As EBP takes a
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surprisingly simple form in the end such an approach is really tempting — not only for SW-deve-
lopers.

In addition, available frameworks like Google’s Tensorflow and frontends like Keras make it quite
easy for ML-students to circumvent mathematical considerations. One just chooses from con-
figuration options and lets the black-box algorithms work.

When authors as Rashka dive into Python based coding examples you stumble sooner or later
across the use of the “dot(A,B)”-function of the Numpy library; it corresponds to a rather com-
plicated matrix operation for two multi-dimensional arrays or matrices based on Linear Algebra
fundamentals. It has to be distinguished from a more simple “(A*B)”-function between two multi-
dimensional arrays of equal dimensions. But when looking at example codes for general MLPs with
multiple hidden layers it is not trivial to see why EBP results in a certain succession of both kinds of
operations.

Personally, I do not like math-free approaches to ANNSs at all because they foster a dependency of a
whole SW-developer generation on the knowledge of others, especially big global data companies.
This hinders or even blocks out independent, fresh approaches and improvements on a basic theo-
retical level. We forget too often that the ANN methods and frameworks used today cover only a
limited part of all real world problems which at least in principle could be formulated in terms of
ANNS:

After having worked a bit in the field of supply chain problems I have understood that there are real
world logistics problems which could be transformed into a form similar to the propagation through
ANNSs, but where conventional ANN-methods would have to be modified extensively to achieve
appropriate and convincingly working optimization methods. This begins with the fact that cost
functions in logistics would be defined for bunches of network nodes — and thus any kind of back
propagation has to modified substantially. In addition, the occurrence and circumvention of local
minima becomes a real challenge.

=> ML is too important to leave it to global firms or elite universities!

1.2 Approach and topics in this paper

My approach in this paper is to motivate theory based on an explicit example. To see the algo-
rithmic patterns arising I shall discuss a four layer MLP as a study example.

Why 4 layers?

In my opinion, one needs at least two hidden layers to avoid simplifying too much when we try to
pin down partial derivative terms. Only with at least two hidden layers you face the full challenge of
the dependency of partial derivatives on multiple different paths from the output layer throughout
the grid to nodes of inner layers.

We shall in addition look at the logarithmic “Log-Loss”-function, which is a bit more complicated
than just a quadratic MSE-function used in some introductory books.

The derivative of the sigmoid activation function will be discussed explicitly.
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Most important: We shall discuss mini-batches to see why and which matrix operations can support
an efficient handling of multiple training samples in parallel. We shall learn how to formulate the
EBP in a so called “vectorized” form for a simultaneous treatment of many training samples.

Requirements regarding the knowledge of the reader are:

* a basic understanding of MLPs,
* an understanding of the gradient descent method,
* a familiarity with the chain rule for differentiation

* and the will to become acquainted with some matrix operations.
It is a long time ago that I went to University, but most of these topics were elements of basic intro-

ductory courses into analysis, linear algebra and vector analysis for undergraduate students of
engineering, physics and informatics.

For anybody who needs a quick introduction to some of the math I strongly recommend to get a
hand on the book “Vector analysis and Cartesian tensors” of D.E. Bourne and P.C. Kendall.

The discussion in this paper also supports the basic (Python based) coding example for a multilayer
MLP which I present in an article series in my Linux blog for ML-beginners. See
https://linux-blog.anracom.com/2019/09/29/a-simple-program-for-an-ann-to-cover-the-mnist-

dataset-i/
and the articles thereafter.

1.3 Our example MLP
We look at a 4-layer MLP. The network is displayed in the following sketch:

. ,al 5zl
: '
! g
H 17/ N
Wit /o \
' :
W,, , :
2N
a2 7%
Y i ;@
A4 \
E N
1 /
2W31 ;
! /
2 ' -
: 2Ws3 = C/' —
: <./'
: 1
a3 73
] . 1
Output Layer Layer Layer Input Layer
L3 L2 L1 LO

Dr. Ralph Ménchmeyer Version 1.0 of Feb, 16%, 2020 Page 4/ 28


https://linux-blog.anracom.com/2019/09/29/a-simple-program-for-an-ann-to-cover-the-mnist-dataset-i/
https://linux-blog.anracom.com/2019/09/29/a-simple-program-for-an-ann-to-cover-the-mnist-dataset-i/

Some hints for a better understanding:

* All nodes of a layer L(n) are connected to all nodes of neighboring layers L(n+1) or
L(n-1) in one or both horizontal directions.

* For our discussion of the math it is not important that the node distribution across the layers
is a realistic one.
Typically, the first hidden layer would contain more nodes than just two; a larger number of
nodes is required to account for a sufficient representation of a reasonable clustering of data
features. Remember, the input data space may have very many (hundreds to thousands) di-
mensions to account for all the features of the input data, and classification may not allow
for a dramatic dimension reduction already on the second network layer.

* Information is transported through our net from the right to the left. Information — charac-
terized by a numeric value of the quantity “z” entering a node is transformed into infor-
mation leaving the node — this time characterized by a numerical value “a”.

* The left sub-fix on the “a” and “z”-quantities represents the layer. The right super-fix of “a”
and “z” represents the node. In our drawing we number nodes from the top to the bottom
with rising index-numbers.

* The left sub-fix on the weights nwij for a connection between two layers L(n) and L(n+1)

represents the right origin layer L(n) in standard propagation direction. The right super-fix
of “w” represents the target node on the right layer L(n+1), the right sub-fix instead
represents the origin node on Layer L(n).

As mentioned, we have indicated the transition of input information “z” at a node into an output
value “a” at the very same node by horizontal connector lines and a recoloring: Both a blue and a
left neighboring yellow circle mean one and the same node on the layer — but in two different states
regarding the information processed at this node.

In standard propagation direction nai at a node “i” is split into multiple fragments. The contri-

bution of each fragment to ,,z’ is calculated by the multiplication of nai by a weight  w/

n-i

[{3 ¢4

specific for the connection to a target node “j” on a neighboring layer to the left.

Each fragment is transported along its connection to a target node of the next layer. At each node

incoming contributions to the “z”-value from different nodes of the previous layer are just summed
1

up.

2 Forward propagation and multiple training samples

Let us first investigate how we deal with forward propagation between layer L.1 and layer L2 — for
one training sample Sx. To do this we need to talk a bit about matrix operations.

1 Note that this rule could at least in principle be replaced by a more complex one. Physicist may e.g. think about a
rule describing the superposition of wave functions according to rules of quantum mechanics at some points of a
grid. You may have nodes where wave functions just add up and others where detectors are placed and super-
positions are turned into probabilities by evaluating quadratic amplitude values.
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Let us assume we have two 2-dimensional matrices X and Y with the number of columns in matrix
X being equal to the number of rows in matrix Y — as e.g. in

Xy Xy yl
X=1x x| Y= @)
XX g

Then we can define the following operation X © Y as

xpky' + xpx y’
C = X @ Y = X%*y1+xg*y2 (2)

3 1 3 2
Xl*y + Xz*y

We sum over products of column elements in X with corresponding row elements in Y. It requires
that the number of matrix elements in a row of X is equal to the number of elements in a column of
Y. The kind reader has of course already understood that our example above corresponds to a
standard matrix operation on a vector — well known from Linear Algebra.

Let us now look at two other matrices, which comprise elements depicted in the drawing of our
MLP-example; see layer L1:

1
a
— 2 2 — | 19s1
W= Wy Wy 1As = & (3)
3 3 1951
W W

We apply our © -operationas ,Z;, = ;W © A, and get the following components:

1 1 1 1 1 1 2

2Zs1 Wi (W) a Wi ¥ @+ W) ¥ dg

7. = P — 2 2 | o | 91 | = 2 1 b 2
251 2Zs1 Wi (W) & Wi* @+ Wy ¥ dgy 4)

3 3 3 1951 3 1 3 2

2Zs1 Wi W) Wi ka + o wy) ok dg,

In this case the number of columns in the first matrix W were equal to the number of rows in the
second matrix A.

How can we define the meaning of the X ® Y - operation in a case where we have more than 2
dimensions in X and more than 1 in Y?

In such a case, we interpret the operation in the sense of the “dot (X,Y)”-operation defined for
Python Numpy arrays. Python programmers should feel comfortable now :-).

Let us look at this operation for a case with
* X having 3 dimensions indicated by indices {i, j, u} and

* Y having 3 dimensions indicated by indices {k, v, m}
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Then, if the number of elements in dimension “u” in X is equal to the number of elements in
dimension “v” of Y, we define in Python notation:

dot(X,Y)[1,5,k,m] = sum(X[1,j,:]1 * Y[k, :,m]),
The numbers in the brackets identify the position of the element in the matrix. Meaning:

Cli,j,k,m] = [X o Y[i,j,k,m] := X[ X[i,j,s] * Y[k,s,m] |

S

©)

(We have indicated by the brackets around [X © Y] thatthe operation X ©® Y resultsina
matrix in which elements are indexed by [i, j,k,m] .)

Le., our generalized formof X ©® Y means:

We sum over products of corresponding elements along the last dimension of X and elements
along the second to last dimension in Y.

Note that in case of a 2-dimensional X the last dimension is normally given by columns, and in the
case of a 2-dimensional Y the second to last dimension addresses rows. This particular case is rele-
vant both for forward and back propagation in MLPs as well shall see in some minutes.

2.1 Applying weights for a mini-batch during forward
propagation

Now, with our generalization of the ©® -operation, we can write down a well defined matrix-

operation for a whole “mini-batch” of training samples { s1, s2,s3, .... sn }:

1 1 1 1 1

2Zs515 22535 +evs 2Zgp W1 Wy 1 1 1
2 2 2 — 2 2 | @ | 19s1> 19525 s 1y

22515 2Zgps o5 2Zgp W1 W, 2 2 2 (6)
3 3 3 3 3 19515 1s25 «eees gy

2Zs1s 2Zsys s 2Zsy Wi aWs

We speak of a “vectorized” operation for all samples in parallel. Libraries in Python support and
optimize such vectorized operations on modern CPUs.

We use the following abbreviations:

1 1 1

a a- a- 2Zs1s 2Zs25 «eees 2Zsy

A. = | 1Ys15 19525 oo 1Ugy 7. = 2 2 2
1“%s 2 2 2 |7 27s 2Zs1s 2Zs25 «eees 2Zsy ’ (7)

19515 1Qgps weees gy, /3 /3 /3

22515 2252 e 2l

for matrices representing the “a”-values at all nodes in Layer L.1 and the “z”-values at all nodes in
layer L2, and
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W1 W

— 2 2
3 3

Wi Wy

for the weight matrix coupling layer L1 with layer L2. The index on the left side indicates the
righter one of the two layers for which ;W controls the information transport.

This notation makes us a bit independent of how many nodes we actually have on both layer L.1 and
layer L.2; we can write in general

Ls = W 0 A . )

1Ag has as many rows as nodes on layer L1 and as many columns as there are samples in our
mini-batch. ,Z¢ has as many rows as there are nodes on L2 and as many columns as there are
samples.

Of course, we can write down analogous expressions for the other layers.
This is all consistent with the forward-propagagtion-operations discussed in my blog article
A simple program for an ANN to cover the MNIST dataset — III — forward propagation

(https://linux-blog.anracom.com/2019/10/07/a-simple-program-for-an-ann-to-cover-the-mnist-
dataset-iii-forward-propagation/)

2.2 Element-wise matrix multiplications

Theterm X © Y , which describes a rather complex operation between two matrices, has to be
carefully distinguished from another operation: An element-wise multiplication of two matrices
with identical dimensions. For 2-dimensional (n; x mj)-matrices X and Y we can define

C =X *Y, withelements C = X %Y/ (10)

175
1

“j” and “i” index the position of an element in the two distinguished dimensions, i.e. the row- and
column-number, respectively.

Of course, with a bit different notation for element indexing, this can be generalized to multiple
dimensions

Cli,j,k,m,..] = Xl[i,j,k,m,..] * Y[i,j,k,m,...] (11)
This makes only sense if the dimensions of the two matrices
[ni X n; X n X n, X ] (12)

are identical; the matrices must have the same number of elements in each dimension direction.
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2.3 Applying an activation function during forward
propagation

The transformation of the “z”-vector-data into “a”-vector data at a specific node means the appli-

cation of an activation function ¢ to each of the elements of the Z-matrix.

In case of the second layer L2 this element-wise operation gives us the values of ,Aq

Zaél: 2‘1152; cees 2a§n ¢<2Z§1), ¢(2Z§2), ceeny ¢(2215n)
As 1= Q(LZ) = | L@, o, ey odh | = | 0622, 0,25), s 9GZ) |- (13)
2‘131’ 2(1352, “eees 2a2n ¢<2231), ‘p(zzgz)’ ) ¢<ZZ?;H)

For our MLP-example we use the sigmoid function — below generally defined for a node with index
“j” on layer L(N):

R II R Ep—— ”
1 - e_NZSX

“Sx” again refers to a specific training sample.

We assume below that the output function, i.e. the activation function on the output layer, is
identical to the sigmoid function.

2.4 The derivative of the sigmoidal activation function

Our ultimate goal is to find a formula for the partial derivatives of a cost function defined for the
MLP with respect to the variables of the MLP — i.e. the weights ,w’ defined at each node of all

layers.

Looking at our drawing gives us the clear impression that there are subsequent dependencies on
variables which have to be resolved: We need to use the chain rule of calculus to get the partial
derivatives.

It is clear that due to this rule we will sooner or later need the derivative of “¢(z)” with respect to
“z”. This derivative is given by:

o¢g 0 1) er_ l1+e7? 1
5 = 5= = ;=T - (15)
0z 02|14 ¢* 1+ e Lred? (14 e?)?
A closer look reveals that we can conveniently rewrite this expression in terms of ¢ itself:
0
L(Z] = @lz] * (1 — ¢lz)) (16)

0z

[{$22}

We conclude that for each node “j” on a layer “L(N)” and a specific sample “Sx” we get the
following relation:
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J
0 NaSX j

3z N sx

* (1 - yal (17)

3 “Log Loss” as the cost function of our MLP

At the output layer (here layer L.3) we shall define a special cost function for our MLP*, We choose
our cost function to be the so called “Log Loss”-function. (Note: We use the terms “cost function”
and “loss function” as synonyms below.)

Let us assume that the correct value which the ANN should produce at a node “j” on the output
layer (here at layer L3) is yéx for a certain test sample Sx.

Then we define a function “?\(3ai)” for every node of layer 1.3 and for a specific training sample
“Sx”:
(18)

Alsal) = - log( 1 — ,al,)

yhloglsa) + [1 -yl
We next define a loss function for a full mini-batch — using the “A “-term given above.

In a complete training set for an ANN we may have tenth or hundreds of thousands of samples.
However, a so called mini-batch may comprise only hundreds or thousands of samples. A sub-fix
“k” shall identify a special mini-batch “Bk”.

Our cost or loss function “A” for a mini-batch “Bk” would then be

> Y Al =

V sxeB, VYjonlL3

> |- vhoeslal) - [1-54

VSxeB, VjonlL3

ABk =

(19)

log( 1 - 3a£x)

S|l S|

I.e.: We sum up the “A “-terms for all nodes of the output layer and all samples of the mini-batch.

Of course each of the cost functions for different mini-batches will show a different value for a
given set of weight values. Also the correction values for the weights calculated for each mini-batch
during an optimization iteration may jump a bit around. If each iteration for weight corrections were
performed for all mini-batches and the costs for each step and for each batch were plotted we would
get the impression that the cost function values vary a bit erratically around some mean average
value. However, adjusting the weights over many iterations during many optimization epochs
should lead to development with all of these cost functions systematically approaching a minimum
at common values of the weights.

2 The fact that we define a cost function which depends on certain values given at output nodes, only, is indeed a
simplification almost all teaching books follow — maybe unfortunately... But we also walk along this line in this

paper.
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Note: The cost function is a scalar. Not an array, not a vector. However, the partial derivatives with
respect to all weights define a gradient of the cost function in a multidimensional vector space
defined by

* the axes for real values of all the MLP’s weights, each varying within R (being the
continuum space of real numbers)
* and one axis for the (real) values of “A” - changing with the values of all weights.

Thus, if there are “m” different weights in total then the cost function “A” defines a m-dimensional

hyperplaneina R'™*" space.

Note: The tangential gradient of “A” would show in a direction perpendicular to contour lines on
the hyperplane — indicating the direction of maximum change. This is a fundamental result of
multidimensional vector analysis.

4 Analysis of the partial derivatives of the summands in the
cost function of our study MLP

Let us for a moment forget that we deal with a whole bunch of training data samples in a mini-
batch. We shall later adjust for the necessary summations.

The “Log Loss” function looks complicated. But, actually, the derivative of each summand with
respect to “,a/ ” takes a simple and useful form in our study case. We write it down for the case of

just one training sample:

aﬂ’( 3a§x yj
_ Sx j 1 _ j j 1
i i +(1_y5x R (ny_BaS ; [ (20)
8(3‘15x 395y T 3% 30sy * (1 3%

of the correct value minus the calculated one (i.e. the propagated

Note the difference ( Jak, — Yk

value) for the training sample and for the presently given weights. We call this difference the error
which our MLP produces for a test sample at node “j” of the output layer.

We give the right side of the above equation a new name:

J

— j i
out(SSx T (3an Ysx | *

aj*(l—aj). 21

This expression will help us to denote the partial derivatives of the cost function in a systematic
way later on. In our study case this is nothing else than

-1

oMb o [aee)
out(SSx = j = ( 3%sx T Yox | * 0 ( j ) : (22)
a(3"5x 3%sx
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It is a good exercise to show that something analogous happens for the quadratic MSE loss function
discussed in the literature listed in chapter 6.

4.1 Partial derivative of the cost function with respect to the
weights of the second to last layer

The first interesting partial derivatives of the cost function would in our example be those which are
derived with respect to weights ,w! on Layer L2.

By using the rules for derivatives of a sum over multiple summands and the chain rule for complex
functions we derive the partial derivatives of A . Its summands define derivatives of the indivi-

dual contributions to the cost function coming from all nodes of layer L3:

a/\Bk 1 aﬂ‘( 3ajS.x a(Saéx) a(3zéx)
B S z z * 6(3Z£X * 6(2w{) (23)

G(ZWIJ) n VSxeB, VjonlL3 6(3aéx

We just used the chain rule on every summand on its constituting variable elements!

With our results from above this expression becomes:

aABk:lz z oL x a1 — .d
out ~Sx 37 Sx 3% Sx

G(zwij) N vsxeB, VjonlL3 o(,w/)

(24)

€3

Note that in ,w! ”i” indexes the source node on layer L2 and “j” the target node for forward

propagation on layer L3!

If you look at the drawing in the introductory section you see that there is just one connection path

€3

to a node “j” on L3, where transport is influenced by ,w! for a specific “i” (in the set {1, 2, 3}).

So, actually the second sum is reduced to one term, only, for a given zwf :

:([; SR PR T @
Now, we define:

308 1= Lu0h ¢ sab (1 — sa, (26)
Due to canceling of terms in our study case we get the simple relation

35éx = 3aéx - yéx ) (27)

which actually is the error our MLP produces for a training sample at a specific node of the output
layer.
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We shall see, however, that the notation including 551)( is very convenient, too.

out

[{¥ ¢4

Let us interpret the various 3(55jx for the nodes “j” on layer L3 as components of an array or
vector including elements for all output nodes — i.e. the two output nodes in our example:

1 1 1
5. = ouOse ¥ 3dsy ( I — s
3V Sx

out

(28)

2 2 2
Os, * 30, ( 1 — 4,

This will help us to formulate EBP in terms of matrix operations.

To achieve a working matrix operation we introduce the following notation, which formally is a bit
dirty:

a¢( 3lex)
D? = ac¢(315x) _ 632;
3Dgy '= ———— =
a 3ZSX a¢( SZéx)
a?)ng

It denotes a component-wise differentiation of a vector resulting from applying function ¢ to the
components of ,z,, . We proceed with the following useful expression:

a ¢( 3Z§x )
¢ (2 0425,
365x = outésx * 3D2X = outasx * C—” = outésx * o : (29)
a 3ZSX a¢( 3Z§X)
a3Z§x

Here, the “*” of course means an element-wise matrix multiplication.

Analogously, via an extension over all training samples the following expression has a well defined
meaning, too:

P Zs)
— b . 3
30s 1= 05 * 3Dg = 05 * c > (30)
0 3Zg
with
1 1 1
6 — outCSSlJ out(SSZ’ ------ 5 outésn
out™s b (31)
355, ouOe 5%
outvS1ls out™¥S2s eeeeee > out¥Sn
1 1 1
32515 3Zs25 «--v5 3Zsp
= 2 2 2
s 32515 3Zs25 «eov5 3Zsp ’ (32)
3 3 3
3Zs15> 3Zs2s -5 3Zsp
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and

8¢(3Z§1) 8¢(3Zé2) a¢(3zén)

Dl = ac¢<3zs) _ 8C¢(Zs) o 832; ’ a322“2 , ’ 63Z;n

. 0° 325 3| Oz ' 2 2 2 (33)
8(15(3251) 8¢(3252) a¢(3ZSn)
83Z§1 , 632252 C 63Z§n

4.1.1 Elements of the gradient of the loss function with respect to
weights of layer L2

For the gradient of the cost function we need to write down partial derivatives in an ordered form.
People trained in mathematics or physics would normally write a gradient in simple vector form, i.e.

with just one column. But due to reasons which you will understand in a minute we write down the
derivatives with respect to the weights of a given layer in a special matrix like form.

Let us look at those components of the gradient of “A” which are related to the weights ,w! on
layer L.2. We order all the partial derivatives in the following way:

oA 0Ap  0Ap

a(zwi) ’ 8(2W§) ’ a(zwé)
ZVBk = . (34)
oAg  0Ap  0Ap

Ry

Obviously, we distinguish the target nodes of layer .3 by rows and the source nodes on L2 by
different columns.

We shall see that this rather special arrangement of terms will help us to deal with all the samples
included in a mini-batch.

Let us now evaluate the last term in our general formula (25) for the partial derivatives:

oA . . . (423
B'k - l z outééx * 3a{9x 1 - 3a{Sx ) * ( 3ZS)$ ) (35)
0 (ZW,-]) N visxes, 8( Wi )
A look at our drawing shows that this simply is equal to
a( ij) i
oawl) ~ ()

There is, understandably, no dependency on “j” but on “i”!
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Using this result, we can easily write down some components of ,V p, in detail:

GHAC

1 1 1 1
1 - Z s * 305 [ 1 — a5 | * ,as, (37)
6(2w1) N vsxes,

Note the significant difference in the layer indices for the different a-terms in this expression!
The last “a” refers to layer L2, whilst the first two “a”s refer to layer L3!

Analogously we get:

aAB 1

1k = = Z outééx * 3aéx ]‘ - 3aéx * ZGéx ’ (38)
6(2W2) n VSXGBk
oA

B 1

1k = = z outééx * 3a;x 1 - 3aéx * Zsz (39)
8(2W3) n VSXEB,(

and

6AB 1

zk = = Z outaéx * 3a§x(1 - 3a§x * Za;x ] (40)
a(zwl) N vsxes,
oAg 1

zk = = z Ou[aéx * 3a§x(]‘ - SGéx * 2a25x ’ (41)
a(zwz) N vixes,
0 AB 1

d = Z outaéx * 3a§x 1 - 3a§x * ZGix . (42)

n V Sx€B,

ol

4.1.2 Representation of the partial derivatives with respect to
weights on layer L2 via matrix operations

Can we represent the terms above via a matrix operation in the sense of the Numpy dot(X, Y)-
operation? As we remember, such an operation includes a summation. Can we make use of it?

To achieve this we first order all the .6, within a matrix of the following form:

1 1 1 1 1 1
Ogy * 30, ( 1- 3‘151)’ outOs2 ¥ 305, ( 1 —.aq, )’ ------

1 1 1
6 — | out > outasn * 3aSn 1- SGSn (43)
3vs 52 % 2(1_ 2) 52 % 2(1_ 2) 52 % 2 [1— 2)
our91 * 3dsq 351 |5 ouwOs2 * 3s 3dsa |5 weees > out9sn * 3dsp 3sn
As we know this actually is equal to
— ¢
30s = ou0s * 3Ds (44)
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We transpose the A-matrix for the layer L2

1 1 1

20s1, 2ds2s «oovs 2Ugp

A. = 2 2 2
2°7s 2051, 2dsas «oevs 20gy (45)

3 3 3

g1 2gps weees 2lgy,

to become

2 3
2051, 20s1, 20s1

2 3
T _ a a a
2AS = 2Us2, 2Us2, 2Us2 (46)

2 3
20sp, 2dsps 2dspy

Note that the column-dimension of ., is identical to the row-dimension of ,A{ .
We quote from the Numpy documentation on the dot(A,B)-operation:

“If A is an N-D array and B is an M-D array (where M>=2), it is a sum product over the last axis
of A and the second-to-last axis of B:  dot(A, B)[i,j,k,m] = sum(A[i,j,:] * B[k,:,m]) “

See https://docs.scipy.org/doc/numpy/reference/generated/numpy.dot.html

Using this we get the first core result of our analysis:

ZVBk = ;05 © zA:C[. (47)

This really is an astonishingly simple mathematical expression — well suited to be directly coded in
Python. Can we extend this result to other layers?

Note that we do not change anything if we formally define

1 0
W = WT =
3 3 [O 1 (48)
and write
0° Z
szk = {SWTeoutés * ¢c(3 5) © 2A£ (49)
3Zg
and remember that
o VA
305 = 05 * M . (50)
0 3zg
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4.2 Partial derivatives of the cost function with respect to the
weights of an inner layer
To see how the result for partial derivatives on the second to last layer (here L.2) can be extended to

other middle and hidden layers we now look at the partial derivatives with respect to weights on
layer L1.

Also in this case we order the gradient components in a matrix like form — with rows indicating
target nodes and columns source nodes connected by the weights. So, our objective is to fill the
following matrix:

oA AR
8(1wi)’ 8(1w§)
v, = aABk, aABk 1)
olwil” alwil
oA AR
olwil olwi]

4.2.1 Calculating the gradients components for weights of Layer L1

{13
1

Let us look at a specific node indexed by “i“ on layer L1 in our drawing. We are now confronted

with the fact that there are multiple summands of the cost function which e.g. depend on the weight
j
lW'

1

. This is due to the fact that there are multiple paths (in our example 2) which lead from

nodes on the output layer to the node of sz .

We now apply the chain rule for the partial derivative with respect to 1wij :

Ao 1y 5 [2AR] | o) | okh) | alad) | ol | o
8(1WIJ) n V SxeB, Vmon L3 8(361’;; 8(3Z?X 8(261{“) a(zzéx 8(1WIJ)

In this case we can not ignore the sum over all nodes on layer L.3. However, we can move the sum
over all training samples to the left.

Evaluating the terms one by one we get

oA 1

m m m
6Sx*3a5x(1_3a8x * — *

out

8(1wi’) N vsxeB, VmonL3

and eventually
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oAg
o]

:% D

VSxeB, VmonlL3

m m _ m m J _ J i
outOsx * 30, ( 1—,a,, ) *¥ W X dg, ( 1 —a, | * 4, (54)

Again, note the varying indices “m”, “j” and “i” at the different “a”-factors!
“m” refers to nodes on layer L3, “j” to nodes on layer L2 and “i” to the present node on layer L1, at

»

which there are multiple ,w/ -values defined.

Let us also write down the partial derivative explicitly for 1Wf to see the term pattern more

clearly:
ABk — 1 m m m m 2 2 1
N outOsx * 30y ( 1- 305x) * Wy ¥ ol ( 1 —,dg, | * ,ag, (55)
0 (1w1) N vsxeB, VYmonL3
We reorder the summands a bit to get:
0Ag
8(1w1)
1 1 1 1 1 2 2 1 (56)
E Z (ouOsx * 3, | 1 = 5ds, ) * oWy kol | 1 — s, | * lan) +
XEB,
2 2 2 2 2 1
(out(SSx * 5, ( 1 -4, ) * oW, ¥, 1—,a)* lan)
Analogously:
oA
B, _
1
ofywil
1 1 1 1 1 1 1 1 (57)
- Z (out(SSx * a0 | 1 —3s, | % Wy * 505, |1 —oag, | * 1an) +
N vsxes,
2 2 2 2 1 1 1
(out(SSx *qdg, | 1 — 545, ) * Wi ¥ ,ag | 1—,a, ) * lan)
and
oA
B, _
8( wl)
1
1 1 1 1 1 1 1 2 ’ (58)
- Z (ouOsc * 30, | 1 — 5ag, | % Wy * a5, |1 —,as, | *,d5,) +
N vsxes,
2 2 2 2 1 1 2
(out(SSx *ad | 1 =4, | % ,w) * ,ag | 1—,aq, ) * lan)
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o))

AB
%
1W)
1 1
z (outésx * 3an
V Sx€B,

2 2
(out 5Sx * 3an

k

o))

1
1 — jas

S|

4.2.2 Transition to a matrix version

1 3
* W3 X gy

2 2 3
1 —,a, ) * Wy ¥ dg,

(59)

3 2
1 —,as | * 1as;<) +

3 2
1—,as, ) * lan)

To transfer these formulas into a matrix version, we first write down the weight matrices coupling

the different layers:

1 1 1
o ow, oW, W T
W | M e W
2Wi W,y W3
and
1 1
W1 W, . wh
— 2 2 — | Wi
W W1 AW W wh
3 3 1Wos
Wi Wy

We remember that in our study case

1 1 1
5. = outOs1 * 3051(1 - 3051)
3%YSx

2 2 2
Og; * 3051(1 - 3051)

out

and find that

T
ZW © 355x

1 2

W1 oWy
1 2

Wy W) (60)
1 2

W3 W3

is a vector like matrix with 3 rows and one column. It has the following components:

[2WT © 36Sx]1
= [ZWT © 36Sx]2
[ZWT © 365)(]3

[ 2WT < 355)(

1- BGéxJ * 2W1)

+

1 1
( out 5Sx * SGSx

(outéslx * BG;X ( ]‘ - 3a%9x) * ZWD + ( (52 * a2

out ~ Sx

(outéslx * BG;X ( 1 - BGEX) * ZW;) + (outészx * 3a§X ( 1 - 3a§x

37 Sx

(outészx * 3a§x ( 1- 3a§x ) * Zwi)

W2 W3
N 61
Wos Wy
(62)
(63)
( 1- 3a§x ) * zwi)
2
* 2W3)

From our formulas for the partial derivatives above we understand we need to multiply these
components with some a-vector to make the matrix useful.
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Analogously to formula (33)we define:

o° VA
s = (2212 (64)
2| 0 Zg,

In our example this is given by:

1 1
2ls, | 1 =0,
[ — 2 2
ZDSX - zaSX 1 - Zasx (65)
3 3
s, | 1= ,a;,
The following vector-matrix will be quite useful:
— T ¢
chSx T { ZW © 36Sx * ZD Sx (66)
In our example the 3 components of this matrix are:
1
25Sx T "
265)( = 2652)( = [ Wo 36Sx * Z[G]SX =
3
Zésx (67)
1 1 1 1 1 1 2 2 2 2 1 1
(out(SSX * 30g, | 1 — 40, | * Wy * ,ag, ( 1 —,as, ) + (out(SSX k30, | 1 — 3ds, | * Wy * ,ag, | 1 —,dag, ])
1 1 1 1 2 2 2 2 2 2 2 2
(outésx * 30y ( 1-sa ) * Wy * gy ( 1 —,a;, )) + (out(SSx * 3l gy ( 1 —3a, ) * Wy * ,dg, ( 1 — ,ds, J)
1 1 1 1 3 3 2 2 2 2 3 3
(outésx * 40, | 1— 40, )* 2Wa ¥ g, ( 1 -4, ) + (out‘SSx * ol | 1 —ods, |+ Wy x4, ( 1 - .45, )
Remember that
1 2
1ds15 1ds1
as,, ,d- a. T a-.. .ad
— | 1Ys1> 1Us25 -eee5 g —
1AS e S1» S2» 3 Sn s IAS = 1Us2, 1Ugo . (68)

2 2 2
1915 1Qgys ooy gy || eeeens

1 2
1Qsn> 1Qsn

Now, if we had just one Sx, only, then ,Ag would have just one row. Remebering the meaning of

the X © Y operation we could write:

Dr. Ralph Ménchmeyer Version 1.0 of Feb, 16%, 2020 Page 20/ 28



oAp  0Ap
6(1w1)’ 6(1w§)

oA oA
IVBk = sz, ]ik = ,05 © 1A£
a(lwl) 6(1W2)
oA 0Ap
ofwi” ol w]

Compare the expressions given for the elements of |V s, above.

Now we apply the recipe we already used for layer 1.3, and define

1 1 1 1 1 1
2051( 1_2051)’ 2052( 1_2052)’ wes gy ]'_ZCISn)
- 2 2 2 2 2 2
2Ds 25y ( 1- 2051)’ 2053 ( 1—ds, ), s 20 | 1= 205,1) ) (69)
3 3 3 3 3 3
2051( 1_2051): zasz( 1_2052), ey olg, 1_205n)
Thus we get:
1 1 1
265 1’ 2652 >ttt 26Sn T ¢
05 1= 25521, 26522, s 25; = [ W 030 ] * ,Dg . (70)

3 3 3
2651’ 2652’ b 265)(
Our hope is that the summation over Sx can be represented by a matrix operation as on layer L2.

Therefore, let us try and write down some components of the matrix | ,d, ©® ,Aj } explicitly:

{265 © 1A£E = { H W' 0 305 ]*ZD:'} © Ag E =
%v;B outéslx*saéx(1_30;)*2""1*20;(1_2a;x,) + (71)

1
Sx

02 % .. [1-.a
out " Sx 37 Sx 37Sx

* Wik a [1—
W1 ¥ ol 24

The super-sub-fix combination here indicates the (1,1) component (1st row, 1st column) of the
resulting matrix.

Analogously, we get for the (1,2) element (first row, second column) :

{265 © 1A£B = { H ZWST®365 }*2Dg] ®1A§ }; =
%VSZEB 011[5;)(*30;)((1_30§x)*2wi*20;x(1_20;x) + (72)

2 2 2 2 1 1
outésx * 3, ( 1- 3sy ) * Wy * s, [ 1- 2‘15x)
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And for the (3,2) element (third row, second column):

Tl 3varT ¢ T |1 _
{265 © 1As}2 = { H 2Ws®365 }*2Ds} © ;Ag L =
1 1 1 1 1 1 1
- Z out Osy * 30, | 1 —qag, [*,wy a5 |1 —a, | + (73)
n V Sx€B,
2 2 2 2 1 1 2
ourésx * 3, 1- 35y ] * LWy g, ( 1- 2y ' * gy

Compare this with a little rearranged presentation of our gradient components:

oA
B,
1
ofiwi
1 1 1 1 1 1 1 ’ (74)
= Z [outésx*San 1_305x) KWy K Ll 1_205x) +
N vsxes,
2 2 2 2 1 1 1
out(SSx*E}an ]‘_3an) W ¥yl 1_205x) * gy
YA\
B,
a(1“’2)
1 1 1 1 1 1 1 ’ (75)
- [outésx*fian 1_3as)<) kW ok ,dg |1 Zan) +
n V SxeB,
2 2 2 2 1 1 2
0ut65X*3an ]‘_BGSX)*ZWI * ol 1_ZanJ] * A,
GUAN
B, _
6(1w2)
1 1 1 1 1 3 3 (76)
- Z [Outésx*fSaSX 1_3as)<) * Wy ¥ o0 | 1—,dg | +
N vsxes,

2 2 2 2 3 3 2
out 05 ¥ 30, | 1=505, ) * oWy X 2an( 1—yas, ) ] * s,

Heureka! We can indeed transfer the results for layer L2 to layer L.1 and get our second core result:

V, =[.0 o Al 77)

5 Generalization of the required steps for EBP

After this tour de force through derivative evaluation and sample related matrix operations for our
study case MLP, we can generalize and summarize the steps we identified. What is it that we have
to “generalize” in comparison to the example discussed above?

Well, the careful reader has noticed that we used an explicit number of nodes on each layer. We give
up this restriction now. We also need to generalize with respect to the number of layers.
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51 Step0

The outermost layer on the left side of an MLP may have index “E”. On a layer L(N) we may find
my =1 nodes.

We prepare the following matrices for all layers L(N), with N in [1, E-1] :

] 1
1 1 1
Nwl b} NWZ b} ’ NWmN
2 2 2
W — Nwl ) NWZ ) i) NWmN
N (78)
......... , .y ,
m m
N+1 N+1 N+1
NWi s N T s NWm,
] 1
and with N in [0, E-1]
] |
1 1 1
Nds1s sy +eees nOsp
2 2 2
A = Nds1s nsps e yUsp
NAs — . (79)
s eeeey ey e
My My My
i NOs1s N5y s +oees nlgy .

We then transpose these matrices to yW"

and ,Aj
details to the reader.

. As this is a standard operation we leave the

Furthermore we create the following matrices:

by = P9UZs)

aCNZS
|
09 (wzsi) 09 (nzs,) 0¢ (w2
0 Nzél ©0 NZ;Z , G Nzén
. 09 (nz5,) 09(yzs,) 0 (yZs,) (80)
8¢(Z5) L 2 > 2 3 e 2
| ONZs OnZsy O NZsy
N| 0 Zg
00 (yzg)) 09 (yzs) 09 (yzg)
| astmiV aNZr;év aNZglnN

In our example a component of such a matrix for layer L(N) is given by

ND?,SX = ¢(Nzéx) * (1_¢(Nzéx)
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Our objective is to determine the components of NV B, with N in [0, E-1]

] [
o0Ap o0Ap GANY
olwwi]” ol o[ wh, |
v - oAg o0Ag oNp o
vV = , s e ,
0 (Nwi) 0 (Nwi) 0 NWiN
o0Ap o0Ap o0Ap
a N 1N+1 6(N 2N+1 a NWmZ+1
] [
by a sequence of generalized steps.
5.2 Stepl
In step 1 we take care of the outermost layer to the left:
We define an ”error”-value at each node “j” of the left outermost layer “LE” for each of the
training samples “Sx”. yij is the known correct value for this sample at the “j”-node.
Egéx =\ 3a§x - y]Sx (82)

We define the cost function to be a sum of node-wise contributions of an error at the outermost
layer to the left.

ABk:% > X Al i (83)

V sxeB, VjonLE

We take a suitable form of A , such that the derivative results in a function which depends on the
error:

. 0 ﬂ,( Eaéx . . .
outééx = j = lP( (y{Sx_ Eaéx) - III(Eeéx (84)
6( E9sx
Then we evaluate all D-components
0¢( 25, )
o = 9Plefs)
EDj,Sx - aEZéX (85)
and define
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-
E(SSX T

outéij * ED?, Sx (86)

Note: In our study example it holds that

ED;D,SX = ¢(EZ§X) * (1_¢(Ezéx))

and

ol = w(0L] = 00 *|.Dg]"
out¥Sx EYSx] T EYSx Ej, Sx
So,

- i — J j
EOsx = gls = (3an_.ny ’

due to a very special form of the cost function and the activation function.

We now account for the bunch of training samples called mini-batch.

({33

Assuming that we have “n” samples and m, nodes on layer “L._E” we build the following
matrices:

1 1 1
out”S12 out~”S2> ccccce > out™~'Sn
2 2 2
outés — out(SSIJ out(SSZ! """ s out(SSn (87)
Mg Mg Mg
lout551 ) out(SSZ LA ’ out(SSn J
and
pr n
1 1 1
501> 5Ogys wevee , g0,
ds1» 505 S 0
—_ EYS1 EYS2y cecee EYS =
g0s = ’ ’ ’ "1 = uds * gD (88)
Mg Mg Mg
505ty 05t s £05
5.3 Step 2

We take the matrix of weights . _,W connecting the m nodes on layer “L_{E-1}" to the

E-1
nodes on layer L_E
WT

and transpose itto p_,

Then we need to calculate
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g-10s = [ g-W' © 0 } * E—1Dg . (89)

We know that the components of ,_,D? may take a simple form in case of the “sigmoid”-

function for ¢ ; however, we leave it in the given form to account for more general activation
functions.

We then calculate the matrix of the first partial derivatives with respect to the weights on layer
L _{E-1}:

E—IVBk = g0s © E—1A§ (90)

5.4 General step N

Following the steps of our study case we now calculate in the general case

NOs 1= { NWT®N+165 * NDg . (91)
and derive
NVBk = yu0s © NAZ 92)

This is a fairly simple result, which we have found for the required gradients of the cost function
with respect to the weights on the layers of the MLP.
Note, that the actual weight correction for a weight Nw.j

1

is typically calculated by multiplying

the corresponding gradient component with a small factor € (called step-size):

(93)

5.5 Presuppositions?

Although we have already generalized quite a lot, let us think a bit about the assumptions and
preconditions which made the whole process work.

Supposition 1: The whole step sequence is based on the assumption that the cost function uses
information at the outermost layer and its nodes, only. This is a rather severe restriction. If we had
special contributions to the cost function from nodes on inner layers we would face at least one
consequence which would break our simple algorithm:
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We could not just back-propagate yds terms between layers. We would have to add node-specific
vAL  -values at every layer and differentiate with respect to local yal values before we

propagate the resulting terms in addition.

Supposition 2: Regarding the cost functions we should be aware of the following aspects:

* In our study example we employed a cost function at each node whose derivative contained
the error Eeéx as a separable factor.

* In our special case we could even cancel the derivative of the activation function when
calculating the various Eééx

The first point restricts the form of the cost function. Another cost function where this point holds is

an expression proportional or otherwise dependent on ( 0 _i;x)z . Such an approach is typical for

MSE-dependent cost functions.

Suppeosition 3: Do not forget that we assumed the output function at the outer layer to be equal to
the general activation function

out¢ ( Ezéx ) = ¢ ( Ezéx ) (94)

used elsewhere in the grid. This may not be the case in more general MLPs — and then the
derivative

00 ( p25,)
ED(? _ t E“S,

J, Sx =

: (95)
aEZJSX

will have to be analyzed separately.

In my blog I shall sooner or later discuss cases which break the standard EBP due to cost functions
whose contributions stem from contributions of clusters of nodes distributed over multiple inner
layers. Have fun with ML and stay tuned .... .
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